The free energy of a weakly curved, isolated macroion embedded in a symmetric 1:1 electrolyte solution is calculated on the basis of linear Debye-Hückel theory, thereby accounting for nonelectrostatic Yukawa pair interactions between the mobile ions and of the mobile ions with the macroion surface, present in addition to the electrostatic Coulomb potential. The Yukawa interactions between anion-anion, cation-cation, and anion-cation pairs are independent from each other and serve as a model for solvent-mediated ion-specific effects. We derive expressions for the free energy of a planar surface, the spontaneous curvature, the bending stiffness, and the Gaussian modulus. It is shown that a perturbation expansion, valid if the Yukawa interactions make a small contribution to the overall free energy, yields simple analytic results that exhibit good agreement with the general free energy over the range of experimentally relevant interaction parameters. * sylvio. 
I. INTRODUCTION
Debye-Hückel theory accounts for the influence of Coulomb interactions between the ions of an electrolyte in the dilute limit. Its foundation is the description of the ionic atmosphere using the linearized Poisson-Boltzmann equation. When applied to individual ions of a bare and uniform electrolyte, the theory is able to rationalize measured ion activity coefficients at very low electrolyte concentrations [1, 2] . Another line of application is the description of the electric double layer (EDL) near weakly charged macroions such as proteins [3] , lipid membranes [4] , microemulsions [5] , and polyelectrolytes [6] . It also has been used extensively to describe interactions between these macroions [7] [8] [9] .
The Debye-Hückel model relies on significant approximations such as the neglect of ion shape, polarizability, hydration, and spatial variations of the dielectric constant. The model nevertheless has significant appeal because it is simple, linear, serves as the (often analytically accessible) dilute limit of classical Poisson-Boltzmann theory, and can be used to develop extensions [10, 11] . One of these extensions is to complement the Coulomb interaction by an additional non-electrostatic pair potential to describe soft, solvent-mediated hydration interactions [12] [13] [14] [15] [16] . These additional interactions are a means to incorporate ion specificity [17] [18] [19] into the modeling of the EDL [20] . The Yukawa potential has received special attention [21] [22] [23] [24] [25] [26] , despite the fact that molecular-level simulations suggest solvent-mediated ion-ion potentials exhibit an osciallatory component [27, 28] . Recent work has presented the systematic incorporation of independent Yukawa-like anion-anion, cation-cation, and anion-cation interactions in addition to the Coulomb potential [29, 30] and compared the predictions of mean-field theory with Monte Carlo simulations. Analytic solutions of the full nonlinear mean-field model are not available, not even for a single planar surface. However it is feasible (and, in fact, one of the goals of the present work) to derive analytic expressions for the free energy in the Debye-Hückel regime.
When charged surfaces in an electrolyte are curved, the EDL undergoes a spatial reorganization. The corresponding free energy change can be expressed in terms of a set of curvature elastic constants that have been calculated previously within the framework of Debye-Hückel [31] and nonlinear Poisson-Boltzmann [32] [33] [34] theory. However, predictions of the curvature elastic properties in the presence of composite Coulomb-Yukawa pair interactions have not been investigated so far. We therefore include the analysis of weakly curved surfaces into this work.
We calculate the free energy of a weakly curved macroion embedded in a symmetric 1:1 electrolyte in the limit of linearized Debye-Hückel electrostatics, where ion-ion and ionsurface interactions derive from composite Coulomb-Yukawa pair potentials. While the Coulomb potential describes the electrostatic properties of the EDL, the Yukawa component serves as a convenient model for ion specificity. More specifically, two anions separated by a distance r interact through the electrostatic potential l B /r, where l B is the Bjerrum length and where here and in the following, all interaction potentials and energies are expressed in units of the thermal energy k B T (Boltzmann's constant k B times the absolute temperature T ). The corresponding expressions for two cations and an anion-cation pair are l B /r and −l B /r, respectively. Note that l B = 0.7 nm in an aqueous solution at room temperature. In addition to that, ions also interact through Yukawa potentials:āe −κ(r−ā) /r for two anions,be −κ(r−|b|) /r for an anion-cation pair, andce −κ(r−c) /r for two cations. Here 1/κ is a characteristic decay length that is set by the structure of the solvent, and the constants a,b,c determine the Yukawa interaction strengths. We have defined these constants in analogy to the Bjerrum length. That is, the Yukawa interaction between two anions is equal to the thermal energy unit if their mutual distance is r =ā, and similarly for two cations (r =c), and anion-cation pairs (r = |b|). Note that in the latter case we use the absolute value |b| becauseb may adopt negative values, whereas we demandā andc to be nonnegative due to symmetry. It will be convenient to re-express the interaction strengths as a =āe κā , b =be κ|b| , and c =ce κc , so that the three Yukawa potentials read ae −κr /r, be −κr /r, and ce −κr /r. Our model also includes solvent-induced ion-surface interactions; they emerge naturally as boundary conditions of the differential equations that describe our composite Coulomb-Yukawa interactions.
II. CLASSICAL DEBYE-HÜCKEL THEORY
For an electrolyte of uniform dielectric constant that contains monovalent salt ions of bulk concentration n 0 , electrostatic interactions can be described by a dimensionless potential Ψ e = Ψ e (r) that satisfies the Poisson equation ∇ 2 Ψ e = 4πl B (n a − n c ). Here, r denotes a position within the electrolyte, n a = n a (r) the local anion concentration, and n c = n c (r) the local cation concentration. Note that Ψ e = eΦ/k B T is related to the electrostatic If the macroion is isolated, the potential and its gradient must vanish far away from the macroion. These two boundary conditions fully define the potential Ψ e (r) for any macroion geometry. The surface potential can be used to compute the free energy of the EDL that forms in the vicinity of the macroion. On the level of linear Debye-Hückel theory, the free energy is F = (1/2) doΨ e σ e /e, where the integration runs over the entire macroion surface.
Weakly curved macroions have local radii of curvature much larger than the Debye screening length l D . In this case, we can Helfrich-expand [35] the free energy per unit area A
where c 1 and c 2 denote the two principal curvatures, F 0 the free energy of a planar surface, k the bending stiffness,k the Gaussian modulus, and c 0 the spontaneous curvature. Note that stability of a surface that is allowed to curve requires 2k > −k > 0. The classical Debye-
These results, which also appear as the small σ e -limit of the predictions for the non-linear Poisson-Boltzmann theory [32] , account only for Coulomb pair-interactions between all involved charge carriers (mobile ions and charges on the macroion surface). No non-electrostatic interactions, such as excluded volume effects or hydration forces among the mobile ions and between the mobile ions and the macroion surface, are accounted for.
In the following we generalize the results of the classical Debye-Hückel model to the presence of a composite Coulomb-Yukawa pair-potential.
III. ION-SPECIFIC DEBYE-HÜCKEL THEORY
As outlined in the Introduction, we assume that solvent-mediated hydration interactions can be described in terms of the ion-specific pair-potentials ae −κr /r for two anions, be −κr /r for an anion-cation pair, and ce −κr /r for two cations. Similarly to the Coulomb interaction that can be expressed in terms of an electrostatic potential Ψ e (r) which fulfills Poisson's equation, the hydration interactions give rise to two potentials Ψ a (r) and Ψ c (r) which fulfill
with complex wavenumber and a source term. Note that Ψ a (r) and Ψ c (r) are defined relative to the bulk, where n a = n c = n 0 . Hence, in the bulk Ψ a = Ψ c = 0. The matrix
describes the interaction strengths. The origin of Eqs. 2 and 3 is discussed in Appendix I and in Caetano et al [29] . We note that two hydration potentials are needed in the most general case where the determinant of A does not vanish. As introduced above, the parameters a =āe κā , b =be κ|b| , and c =ce κc , describe the strengths of the Yukawa pair potentials, a for an anion-anion pair, b for an anion-cation pair, and c for a cation-cation pair. Symmetry demands a ≥ 0 and c ≥ 0, whereas b may adopt positive or negative values. Recall that the anion-anion Yukawa interaction is equal to the thermal energy unit for r =ā, and analogously for anion-cation pairs (r = |b|) and for cation-cation pairs (r =c).
Minimization of an appropriate mean-field free energy (see Appendix I for details) that accounts for the composite Coulomb-Yukawa pair potential in addition to ideal mixing contributions of the ions yields the Boltzmann distributions [29] n a = n 0 e Ψe−Ψa , n c = n 0 e −Ψe−Ψc .
Inserting these into the Poisson and Helmholtz equations leads to a set of three non-linear differential equations for the three potentials
values. If a, b, c, σ e and σ c are all positive, the macroion surface repels all mobile ions. If a, b, c, −σ e and −σ c are all positive, the macroion surface attracts all mobile ions. The choice a = c = −b and σ e = σ c leaves the macroion surface inert. In the general case, the boundary condition for solving Eq. 8 can be written as
where (∂/∂n) s denotes the derivative in the normal direction of the macroion surface, pointing into the electrolyte. Also, in Eq. 10 we have defined the matrix
For an isolated macroion we demand that all three potentials, Ψ e , Ψ a , Ψ c , and their gradients vanish far away from the macroion.
We model solvent-mediated interactions on the basis of Yukawa potentials. It is reasonable to assume solvent is present only outside the macroion but not inside. This case corresponds to the interaction strength of the Yukawa potential being zero inside the macroion.
The boundary condition in Eq. 10 therefore only contains contributions from the fields outside the macroion. If an aqueous solvent (or a solvent of different type) was present inside the macroion, the fields Ψ a and Ψ c (more specifically, their derivatives at the macroion surface taken into the normal direction pointing inside the macroion) would contribute to the boundary condition. We do not consider this case in the present work.
IV. FREE ENERGY CALCULATION FOR WEAKLY CURVED MACROION
The free energy of an isolated macroion corresponding to the ion-specific Debye-Hückel model can be calculated (see Appendix I) according to
If σ is fixed at the macroion surface, then what we need in order to execute the calculation of F is the dependence of Ψ on σ. Our goal is to compute that dependence and, from that, an explicit expression for the free energy of a single, isolated, weakly curved macroion.
The term "weakly curved" refers to radii of curvature that are much larger than any of the characteristic lengths l D , l a , l b , and l c (we take |l b | if b < 0). In this case we can, again, Helfrich-expand the free energy per unit area A, as specified in Eq. 1. This reduces our goal to the calculation of the free energy for a planar surface F 0 , the spontaneous curvature c 0 , the bending stiffness k, and the Gaussian modulusk. To this end, we re-express Eq. 8 for cylindrical (n = 1), and spherical (n = 2) symmetry,
where r is the corresponding radial coordinate of a cylindrical or spherical coordinate system.
We introduce a new dimensionless distance x (with x ≥ 0) via r = 1/c + xl D , where c − c 1 = c 2 = 0 for cylindrical and c = c 1 = c 2 for spherical geometry. Note that x measures the scaled distance from the weakly curved macroion surface to a position within the EDL. For our potentials we write up to second order in curvature
. Expanding Eq. 13 up to second order in c yields three linear equations for the three curvature-
We can carry out a first integration subject to the boundary condition that all potentials,
, (and their derivatives) vanish in the limit x → ∞,
Note that B 1/2 is defined such that B 1/2 B 1/2 = B, and B −1 denotes the inverse of B such that B −1 B yields the identity matrix. The boundary condition in Eq. 10 imposes fixed surface densities for σ e /e, σ a , and σ c , independent of curvature. This implies Ψ 0 (x = 0) = −Mσ and Ψ 1 (x = 0) = Ψ 2 (x = 0) = 0, with the column vector 0 = (0, 0, 0). Using these boundary conditions and applying Eqs. 15 to the macroion surface, x = 0, gives rise to a linear system of equations for the curvature components of the surface potential. Solving this linear system provides us with the explicit expressions
depends on the surface densities σ. If we insert Ψ(0) into Eq. 12, both for cylindrical (n = 1) and for spherical (n = 2) curvature, and compare with the corresponding expressions,
for cylindrical symmetry (n = 1) and F/A = F 0 /A+(2k+k)c 2 −2kc 0 c for spherical symmetry (n = 2), we find
where σ T is the transpose of σ. Eq. 17 is the principal result of the present work. As expected on the level of Debye-Hückel theory, the expressions in Eq. 17 are quadratic forms of the surface densities σ e /e, σ a , and σ c . These quadratic forms represent general results of a weakly curved macroion (with fixed σ e /e, σ a , and σ c ) in the presence of a composite Coulomb-Yukawa pair interaction. Recall the matrix M is specified in Eq. 11, and the matrix B in Eq. 9. Regarding the latter, recall the definitions l a , l b , and l c in Eq. 7. To obtain explicit expressions for F 0 , c 0 , k, andk in terms of the interaction parameters a, b, c, κ, and the salt concentration n 0 , we need to find B −1/2 , B −1 , and B −3/2 . This can easily be accomplished numerically for any given set of system parameters. 
with the coefficients
Combinations of exponential solutions with three characteristic lengths will emerge from Eq. 18; they depend on κ, l D , l a , l b , and l c .
An analytic calculation of B −1/2 , B −1 , and B −3/2 yields cumbersome expressions. However, a few specific cases lead to simple results and thus to meaningful explicit expressions for F 0 , c 0 , k, andk. We discuss those in the following.
A. Symmetric Yukawa Interactions
The first specific case is a = b = c, where all ions, irrespective of being anions or cations, interact with each other through the same Yukawa potential. Eqs. 17 then give rise to reflects the presence of particles that are uniformly distributed on a surface with area density σ a + σ c and exhibit mutual Yukawa interactions ae −κ eff r /r. Here, κ eff = κ 2 + 2/l 2 a is an effective inverse screening length that differs from κ because of the interaction of the salt ions (which are present with a combined bulk concentration of 2n 0 ) with the surface. For example, the Yukawa contribution to the free energy (per unit area) of a planar surface amounts to
which recovers the Yukawa contribution in the first line of Eq. 20. The Yukawa contributions to kc 0 and k in Eq. 20 follow from a similar calculation. For our discussion below we also note that for sufficiently small a = b = c → δa, Eqs. 20 read
Here, the Yukawa contribution acts as a small perturbation for the result from the classical Debye-Hückel model.
B. Perturbation approach
The second specific case starts from the classical Debye-Hückel model and introduces the parameters a, b, c as first-order perturbations. In this case, we can express Eqs. 17 as the sum of a pure electrostatic contribution plus a perturbation due to non-vanishing (but small) parameters a → δa, b → δb, and c → δc,
The perturbation contributions amount to (see Appendix II for details)
δb−δc g 6 δa−δb g 6 2δa 2δb
δb−δc g 6 2δb 2δc
where we define
As expected, for δa = δb = δc the expressions in Eqs. 23 and 24 become identical to those in Eq. 22. In the general case of asymmetric Yukawa interactions (δa + δc = 2δb) electrostatic and Yukawa interactions are coupled. For example, the specific case σ a = σ c = 0 implies that
all grow (for δa + δc > 2δb) or decrease (for δa + δc < 2δb), when the Yukawa interactions are switched on.
The perturbation contribution for the free energy of a planar macroion surface in Eq. 25,
assumes σ a = σ c = 0.
In the following, we analyze the general case where σ e , σ a , σ c may all be non-vanishing. In principle, σ e , σ a , and σ c are independent parameters that reflect electrode properties. A convenient way to discuss the behavior of F 0 /A, kc 0 , and k for general choices of σ e , σ a , and σ c is to couple the solvent-induced ion-surface interactions σ a = χ a σ e /e and σ c = χ c σ e /e to the electrostatic surface charge density σ e , where χ a and χ c are two dimensionless coupling parameters. That is, instead of using σ e , σ a , σ c we use the set σ e , χ a , χ c as independent variables. We point out that χ a and χ c are auxiliary quantities that merely facilitate the systematic discussion (in the remainder of this subsection) of Eqs. 23 and 24. Of course, for any specific choice of σ e , χ a , and χ c , the actual thermodynamic variables σ e , σ a , and σ c follow immediately.
The two coupling parameters, χ a and χ c , can be optimized by requiring ∂F 0 /∂χ a = 0 and ∂F 0 /∂χ c = 0. This gives rise to χ a = χ 
We point out that using the optimal coupling parameters χ The ratio between the free energy perturbations for vanishing coupling and optimal coupling
To illustrate this result we show in the main diagram of Fig. 1 the scaled free energy and λ = −0.5 (blue), λ = 0 (orange, vanishing coupling), λ = 0.5 (green), and λ = 1 (red, optimal coupling). As predicted by Eq. 28, the change of F 0 becomes minimal for optimal coupling but does not change its sign. The same reasoning is also true whenb orc are changed instead ofā. This is illustrated in the inset of A similar calculation can be carried out for the perturbation contribution to the term kc 0 in Eqs. 23 and 24. We again define the two coupling parameters χ a and χ c through σ a = χ a σ e /e and σ c = χ c σ e /e. At optimal coupling (χ a = χ We illustrate this in Fig. 2 , which shows kc 0 × (e/σ e ) 2 according to Eq. 17 (solid lines, the full result) and Eq. 23 (broken lines, the perturbation result) for the same parameters as in Fig. 1 . As predicted by the perturbation result, at optimal coupling (the red curve in Fig. 2) there is no change in spontaneous curvature whenā is switched on.
Finally, for the perturbation contribution to the bending stiffness in Eqs. 23 and 24 we again introduce χ a and χ c as before and determine the optimal coupling χ a = χ (1 +κ +κ 2 )/[2(1 +κ)] and using that,
which is negative for allκ > 0. Hence, upon changing the coupling parameters from zero to χ opt a and χ opt c , the sign of the perturbation contribution δk must change. This is illustrated in Fig. 3 , which shows k × (e/σ e ) 2 according to Eq. 17 (solid lines, the full result) and region 0 <ā/nm 0.5, which we expect to be the most relevant range for small ions in aqueous solution [27, 28] . Note that the broken lines in Figs. 1-3 are not straight because the abscissa displaysā (and not the perturbation parameter a). The good fit of the perturbation prediction for any variations ofā, |b|, andc (and combinations thereof) in the range from 0 to about 0.5 nm is a general observation; see for example the inset of Fig. 1 .
C. Retaining only Yukawa interactions between ions and surface
The third specific case assumes we switch off the Yukawa interactions between pairs of mobile ions but retain the Yukawa interactions between the ions and surface. It is interesting to analyze this case because it allows us to assess the relevance of non-electrostatic ion-surface versus ion-ion interactions. The absence of Yukawa pair interactions between mobile ions translates into replacing B in Eq. 9 by
without changing M. That is, M remains specified by Eq. 11, and F 0 /A, kc 0 , k, andk continue to being calculated through Eq. 17. With this we find the explicit expressions
where we recallκ = κl D and the definitions g 2 = 1 +κ, g 4 = 1, and g 6 = (1 +κ)/[1 +κ +κ 2 ], as initially introduced following Eq. 24.
If in Eq. 31 we set a = b = c (symmetric hydration interactions) we obtain
The Yukawa contributions to these results (the second of the two contributions to the righthand side of Eq. 32) can be rationalized by the same argument as that leading to the integration in Eq. 21: particles that are uniformly distributed on a surface with a combined area density σ a + σ c exhibit mutual Yukawa interactions ae In the case of asymmetric hydration interactions in Eq. 31 (thus allowing for general choices of a, b, c with a ≥ 0 and c ≥ 0) we introduce, as before, coupling parameters χ a and χ c through σ a = χ a σ e /e and σ c = χ c σ e /e. We obtain optimal coupling parameters χ 
at optimal coupling (that is, fixed surface potentials Ψ a ( To discuss the physical reason of how the bending stiffness k can adopt negative values, we assume b = c = 0. The expression for k in Eq. 31 then reads
which immediately reveals the condition a > 16l B g an additional attraction to the macroion surface due to their Yukawa interaction with the surface. When this additional attraction is strong enough, it renders k negative. We finally note that while subsection V C does not consider Yukawa ion-ion interactions, the bending stiffness can become negative even when Yukawa ion-ion interactions are accounted for; see for example the inset of Fig. 3 .
VI. CONCLUDING REMARKS
Eq. 17, together with its derivation and discussion, is the principal outcome of the present work. It specifies the free energy of an isolated, weakly curved macroion in a symmetric Burak and Andelman [13, 14] have recently presented a modeling approach that bears some similarity with our present work. They add a short-range, non-electrostatic, hydrationmediated component to the Coulomb pair potential and treat it on the basis of a virial expansion up to lowest order so that their free energy amounts to setting the direct correlation function equal to the pair interaction potential and all higher order direct correlation functions to zero. Hence, while Burak and Andelman [14] account for correlations due to a short-range potential on the lowest possible order, our approach completely ignores correlations. The main advantage of our approach, however, is its mathematical simplicity, which originates from the introduction of the auxiliary fields Ψ a and Ψ c and which is what allows us to derive simple analytic expressions for the free energy of a weakly curved macroion.
Our target in the present work has been the linear Debye-Hückel limit, but that should ultimately be extended to the nonlinear theory based on Eqs. 5. Another future improvement of our model should allow for dielectric inhomogeneities. Our present work assumes a uniform dielectric background, characterized by a constant Bjerrum length of l B = 0.7 nm. However, hydration-mediated non-electrostatic ion-ion interactions originate in the ordering of water molecules around each ion, which affects the local dielectric constant. Methods to account for dielectric inhomogeneities [19] , including the Dipolar Poisson-Boltzmann theory that accounts for solvent molecules explicitly as Langevin dipoles [38, 39] are available, but the connection between the explicit account of the solvent and effective hydration-mediated ion-ion interactions is not obvious. 
where we recall n a (r) and n c (r) are the local anion and cation concentrations, n 0 is their bulk value, and the symmetric square matrix A is defined in Eq. 3. Equivalency between
Eqs. 2 and 35 is established using the Greens function G(r) = −e −κ|r| /(4π|r|) of the equation (∇ 2 − κ 2 )G(r) = δ(r), where δ(r) is the Dirac delta function. We emphasize again that Ψ a and Ψ c reflect concentration changes relative to the bulk. As shown in previous work [29] , the mean-field free energy that includes the solvent-mediated hydration contribution based on our Yukawa potentials reads where A −1 is the inverse of A and f mix (n) = n ln(n/n 0 )−n+n 0 is the mixing free energy (per volume element) of an ideal gas that has a local concentration n and is in equilibrium with a bulk system of fixed concentration n 0 . Variation of the free energy leads to the expression δF = do Ψ e δσ e e + Ψ a δσ a + Ψ c δσ c + + d 3 r δn a −Ψ e + Ψ a + ln n a n 0 +
+ d 3 r δn c Ψ e + Ψ c + ln n c n 0 .
The integration in the first line of Eq. 37 extends over the macroion surface, and the other two integrations run over the volume occupied by the electrolyte. Vanishing of δF in thermal equilibrium implies both the Boltzmann distributions in Eq. 4 and the charging free energy
